Abstract. Galileon fields arise naturally from the decoupling limit of massive gravities, and possess special self-interactions which are protected by a spacetime generalization of Galilean symmetry. We briefly revisit the inflationary phenomenology of Galileon theories. Working from recent computations of the fluctuation Lagrangian to cubic order in the most general model with second-order equations of motion, we show that a distinct shape is present but with suppressed amplitude. A similar shape has been found in other higher-derivative models. It may be visible in a theory tuned to suppress the leading-order shapes, or if the overall bispectrum has large amplitude. Using a partial-wave expansion of the bispectrum, we suggest a possible origin for the frequent appearance of this shape. It follows that models with very disparate microphysics can produce very similar bispectra. We argue that it may be more profitable to distinguish these models by searching for relations between the amplitudes of these common shapes. We illustrate this method using the examples of DBI and k-inflation.
Introduction
Over the last few decades, advances in observational cosmology have led to a detailed picture of the microwave sky [1] [2] [3] , now known to be almost smooth with fluctuations at the level of 1 part in 10 5 . Among the most popular proposals for the mechanism which seeded these small perturbations is inflation, in which the universe underwent a quaside Sitter expansion [4, 5] . When combined with quantum mechanics, inflation allows the growth of density fluctuations which classicalize after horizon crossing [6] . They are subsequently imprinted in the CMB as temperature anisotropies. The statistics of the observable temperature field map directly from the primordial density perturbation, which in turn depends on the microphysics governing the very early universe.
The link with microscopic physics suggests that it may be possible to distinguish different models giving rise to inflation by studying three-and higher n-point correlations [7] . Current observations suggest that departures from gaussianity are small, but non-gaussian correlations are generated at a low level by most microscopic models and it remains worthwhile to search for them. Computationally and observationally the best place to look is the bispectrum, which contains multiple sources of information: a number of distinct shapes [8] or "channels"-analogous to, but more complicated than, the Mandelstam channels of 2 → 2 scattering-together with their amplitudes. The shapes depend on the three-body interactions responsible for generating nontrivial correlations, and the amplitudes measure their relative importance. For reviews, see Refs. [9, 10] . Recent work employing the bispectrum as a discriminant of microphysics includes Refs. [11] [12] [13] [14] [15] [16] [17] .
If gravity is modified in the infrared, perhaps in a way which accounts for our presently accelerating phase, then this may leave traces in the primordial density fluctuation [18, 19] . Recently there has been interest in "Galileon" fields, which can be thought of as an effective short-distance description of longitudinal graviton modes near the decoupling limit of massive gravity [20] [21] [22] , where M P → ∞ while the cutoff remains fixed. A clear discussion is given in the review by Hinterbichler [23] .
A Galileon singlet owes its name to invariance under the transformation
for constant b µ and c. Eq. (1.1) is a spacetime version of a Galilean transformation, first noticed in the DGP model [24, 25] . It incorporates the shift symmetry φ → φ + c, which implies that φ can support a long-lived inflationary epoch in the early universe. Indeed, in this scenario the principal difficulty is ending inflation. To do so one must stabilize the field, typically by introducing a potential. Because this breaks (1.1) by design, further Galilean-violating terms may be generated radiatively. It may then be technically unnatural to start from an action which approximately respects (1.1). In Ref. [11] it was argued that this difficulty can be avoided. Taking the potential to be sufficiently mild, Galilean-violating radiative corrections are suppressed, making a Lagrangian dominated by terms respecting (1.1) technically natural. The prospects for inflation have been studied by several authors, often relaxing invariance under (1.1) and requiring only the weaker condition of second-order equations of motion [14, [26] [27] [28] [29] [30] . The most general action of this type was written down over thirty-five years ago by Horndeski [31] , and later revisited by several authors [30, [32] [33] [34] . The first bispectrum estimate was obtained by Mizuno & Koyama [27] , who worked with a model where the most relevant Lagrangian operator was (∂φ) 2 2φ. The result for the complete covariant Galileon, in the decoupling limit, was given in Ref. [11] . A class of related of models was considered by Creminelli et al. [13] . More recently, Gao & Steer [14] (see also Renaux-Petel [16] ) and de Felice & Tsujikawa [15] obtained the bispectrum for the entire Horndeski action and retained the coupling to gravity.
In simple models, the bispectrum is practically determined by Lorentz invariance of the underlying Lagrangian and the unbroken spatial symmetries of de Sitter space [35] . In Galileon models some of this simplicity is lost, and the bispectrum can be more complicated. Nevertheless, Creminelli et al. were able to conclude that no Lagrangian operators became available beyond those which could already be realized in simpler models [13] . Therefore the distinctiveness of the Galileon bispectrum lies only in their relative amplitudes. In practice this means that the models could be difficult to distinguish. The recent analyses of Refs. [14] [15] [16] have extended this disappointing conclusion to the full Horndeski action.
Although no new operators are present, the number of linearly independent shapes depends on the number of arbitrarily adjustable coefficients in the Lagrangian. In this paper we revisit the question of how many shapes should be expected. At leading order, we find one extra channel typically becomes available-although with suppressed amplitude-which is similar to the shape identified by Creminelli et al. [13] and rediscovered at next-order in P (X, φ) models in Ref. [36] .
1 This apparent universality is surprising; although the action used by Creminelli et al. is "Galileon," it is not closely related to that of Refs. [11, 36] . Therefore the similarity of their bispectra could not easily have been anticipated: they are intricate objects having no simple connexion to each other. We employ a partial-wave expansion of the bispectrum to explain some features of this shape. We find that the basis suggested by Fergusson et al. [37] is useful in describing the primordial bispectrum, and gives guidance concerning the distinguishable shapes which can be expected. We give a brief sketch of how a decomposition into these partial waves can be used to derive "consistency equations," which express predictions of the theory as relations between observable quantities. By determining whether these relations are satisfied, it is possible to rule out classes of scenarios.
Outline.-This paper is organized as follows. In §2 we briefly review Galileon inflation and explore the bispectrum shapes at leading order in slow-roll. We show there is an orthogonal shape with suppressed amplitude, which turns out to be related to one present in other single-field models. To understand the recurrence of this shape, in §3 we apply a decomposition of bispectrum shapes in terms of an orthogonal basis. We argue that it may be possible to derive model independent tests using the coefficients of these linear decompositions as appropriate observables. We conclude in §4.
We work in units where = c = 1, and define the reduced Planck mass to be M P = (8πG) −1/2 , where G is Newton's gravitational constant. When discussing the common bispectrum templates, we denote them "equilateral,", "orthogonal," "enfolded," and "local" to distinguish the orthogonal template and other shapes which may or may not be orthogonal to each other.
Shapes in single-field inflation
Background. Beyond the DGP model, the first Galileon theories were constructed by Nicolis et al. [38] , who restricted their discussion to a Minkowski background. Their theory was designed to produce second-order equations of motion, even though the action included high-order combinations of derivatives. Higher-order equations of motion would have implied propagating ghosts, and a loss of unitarity when interpreted as a quantum theory. The success of Nicolis et al. in achieving second-order equations of motion was later understood from a more general point of view [39] .
For application to the early universe, the Galileon must be promoted to curved spacetime. To protect the important property of second-order equations of motion, one must introduce non-minimal couplings to the curvature. The result is the "covariant" theory of Deffayet et al. [40] . Later work on curved backgrounds includes Refs. [34, [41] [42] [43] [44] . We write the Galileon field φ. On a de Sitter background, where a(t) = exp(Ht), it is spatially homogeneous and depends only on time, t. The action is
The potential V (φ) is chosen to softly break the Galilean invariance and is necessary to end inflation, as discussed in §1. The scale Λ is the naïve cutoff of the theory. In practice, a Vainshtein effect can allow (2.1) to describe fluctuations at higher energies [45] . The most general models allow the c i to be unconstrained, unless one demands compatibility with late-time cosmological or laboratory tests [46] [47] [48] [49] . This is optional because it need not be supposed that φ is active in the post-inflationary universe. If the Galileon field was present only during inflation, then constraints on c i follow by demanding agreement with the standard inflationary observables. Where the Galileon theory arises from the decoupling limit of a ghost-free massive gravity, other constraints may arise [20] .
Fluctuations. We briefly review the calculation of inflationary perturbations. The Horndeski action is sufficiently general to include the covariant Galileon together with other theories which do not exhibit Galilean symmetry [26, 28, 30, 34, 50] . It turns out to be no more complicated to give the analysis for the Horndeski action, which we do for the sake of generality. Including gravitational effects, three-body interactions among scalar fluctuations in Horndeski's model are described by the action [14] [15] [16] 
In writing this action we have exploited our freedom to integrate by parts, and removed redundant couplings using the equations of motion. Primed quantities are differentiated with respect to conformal time,
dt/a(t). The field ζ is the primordial curvature perturbation, and is related to the field fluctuation at linear order by the usual rule ζ = Hδφ/φ. Its fluctuations propagate at the phase velocity c s . The mass M sets the scale of the action. Specializing to the covariant Galileon would correspond to specific assignments of the Λ i , but the detailed form of these coefficients will not be important for our discussion. For Horndeski's general action the Λ i can be adjusted independently.
Shapes
Inner product. Conservation of 3-momentum in the bispectrum requires that the momenta k i generate a triangle in momentum space. The bispectrum is a function on this space of triangles. Babich et al. [8] described its functional form as the "shape" of the bispectrum and introduced a measure to distinguish qualitatively different shapes. Define an inner product between two bispectra B 1 , B 2 by the rule
where
−2 S i , and S i is called the shape. The norm of any bispectrum is B = B, B 1/2 , and the cosine between two bispectra is the normalized inner product, cos(B 1 , B 2 ) ≡ B 1 , B 2 / B 1 B 2 . Further details can be obtained from Refs. [8, 37, 51] . Our conventions, particularly for assigning meaning to divergences in the squeezed limit, follow Ref. [36] .
The bispectrum, B, is defined to satisfy
For a general Horndeski model, B will receive contributions at leading order from all operators in (2.2). This yields
a S a , where each operator yields a shape S a , and a labels the distinct operators in the Lagrangian. We plot the S a in and ζ(∂ζ) 2 shapes are correlated with the local template. In most cases there is a moderate overlap with the enfolded template. In some cases, corrections at subleading order ("next-order") in the slow-roll expansion may become important. These have been catalogued in Ref. [36] , to which we refer for details, for the action (2.2) with arbitrary Λ i . These corrections therefore apply to an arbitrary action of Horndeski type.
Bispectrum. Factoring out an overall normalization, the shape S of the bispectrum can be written
where α, β, γ, δ, ω are rescaled versions of the coefficients Λ i . In a generic model we could perhaps expect all these ratios to be order unity, although in specific cases some may be much smaller. By adjusting these coefficients it is possible to find a "critical surface" on which B becomes orthogonal to some specified set of templates. To be concrete, we choose the set Z = {equilateral, local, enfolded}. The bispectrum can be written
Here, the new shapes S δ and S ω are orthogonal by construction to each template in Z. The coefficients δ and ω act as coordinates on the subspace of bispectra which are also orthogonal to these templates. Likewise, a, b and c act as coordinates labelling departures from this critical subspace. They are defined by
The shapes S δ and S ω satisfy
Although we did not require it, these shapes are also highly orthogonal to the "orthogonal" template introduced by Senatore et al. [52] . (See also §3.) But they need not be orthogonal amongst themselves. To measure independent combinations from data typically requires a dedicated template which has negligible overlap with other combinations. We follow the procedure of Refs. [9, 52] . The inner product matrix is C ij ≡ S i · S j . It is diagonalized by an orthogonal matrix P whose columns are formed from the eigenvectors of C. Setting a = b = c = 0 and writing x = ( δ ω ), S = ( S δ S ω ) T , the part of bispectrum on the critical subspace can be written B ∝ qH, where q ≡ xP and H ≡ P T S.
The shapes S ζζ 2 and S ζ(∂ζ) 2 have local-type divergences, which can be subtracted by taking a suitable linear combination. This leaves four independent terms, from which we wish to construct a linear combination orthogonal to three templates. We should expect a unique solution. This can be extracted from H, and is
This procedure discards the independent linear combination of S ζζ 2 and S ζ(∂ζ) 2 . For practical purposes, we expect its divergence in the squeezed limit to make it almost indistinguishable from the local template. We ignore it in the equations which follow, such as (2.10), although in principle one should remember that it is present. In table 4 we plot S H together with the "orthogonal" shapes which were encountered by Creminelli et al. [13] and Ref. [36] . These shapes are all similar. When plotted using the method of Babich et al. [8] the shape has a wavelike appearance. In the Fergusson et al. [51] plots of table 4, they smoothly converge to zero in the squeezed limit but exhibit distinctive "teardrop" or drumlin-shaped features near the corners of the triangle. The S H -shape of Eq. (2.9) is closer to the shape of Creminelli et al. than the P (X, φ)-based shape of Ref. [36] . However, the overall similarity suggests there is little difference in available shapes between different microphysical models. We will return to this issue in §3.
The shape S H will occur in a typical bispectrum with coefficients which depend on ω and δ. We find
How significant is its contribution? Since all prefactors will generically be of order unity, the question reduces to the relative magnitudes of S H and the S a . We find S H ≈ 10 −2 , whereas S ζ 3 ≈ 1. The precise values assigned to S ζζ 2 and S ζ(∂ζ) 2 depend how their squeezed divergences are regulated, and therefore do not form a fair basis for comparison. Cutting out the divergent regions one finds S ζζ 2 and S ζ(∂ζ) 2 to be of order 10 1 to 10 2 . We conclude that S H has an amplitude suppressed by roughly 10 3 to 10 4 compared with the leading-order shapes. All of these are well-matched by the standard templates. For the new shape S H to be visible requires either
• The leading order shapes to be suppressed, so that a ≈ b ≈ c ≈ 0 to an accuracy of about a few parts in 10 3 to 10 4 . This could happen in a specific model, but requires some tuning.
• The overall amplitude of the bispectrum to be sufficiently large that the suppressed S H shape is visible. Without a dedicated analysis of the signal-to-noise available in the S H -channel for a CMB survey, it is not possible to know how large the bispectrum must be. However, it is unlikely that the signal to noise for S H will be dramatically better than that for the equilateral template. Therefore, it seems reasonable to suggest that the leading-order operators would have to produce |f eq NL | 100 in order for the S H -shape to be visible. This is on the boundary of present-day experimental sensitivity [1, [52] [53] [54] .
Partial-wave decomposition of the bispectrum
It is natural to ask why the various shapes obtained in §2.1 and Refs. [13, 36] are so similar. One answer is that they have all been constructed by taking linear combinations of similar-looking bispectra in a way designed to produce shapes orthogonal to the standard templates. Since the inputs are similar, so are the outputs.
Although this answer is correct, it does not make clear why a linear combination of dome-shaped bispectra should produce the characteristic drumlin shapes of table 4. The drumlin increases the number of nodes or anti-nodes exhibited by the bispectrum. One can think of its emergence in a similar way to taking two almost pure Fourier harmonics and constructing an orthogonal function. The result will be approximately the next available Fourier harmonic. Therefore, to obtain a more quantitative description one is led to decompose the bispectrum into some analogue of Fourier modes. The underlying triangular geometry is different to the flat intervals which yield Fourier harmonics, so the appropriate analogue will be a generalized partial wave.
Harmonic decomposition. Partial-wave decompositions have been usefully applied to correlation functions, in the form of scattering amplitudes, since the early days of quantum field theory. In W W scattering, partial-wave methods give guidance concerning the energy scale where the Standard Model without a Higgs boson loses perturbative unitarity. Similar ideas underlie, for example, the method of complex angular momenta and Regge theory. They have not been widely applied to inflationary correlation functions, although Fergusson et al. [37, 51] introduced a number of partial-wave decompositions and emphasized their computational efficiency. We largely follow their method and notation.
Fergusson et al. suggested writing each shape function in the form
for some coefficients α n and a set of dimensionless basis functions R n which are orthonormal in the inner product (2.3). 3 The choice of R n was motivated by numerical considerations, as follows. Define a complete set of orthonormal polynomials q p (x) on the unit interval x ∈ [0, 1] with measure w(x) and introduce quantities Q (p,q,r) satisfying
Fergusson et al. chose w to cancel an unwanted growth in the bispectrum at large k; for all details and the construction of the q p (x) we refer to the original literature [37, 51] . One may impose a fixed normalization for the Q (p,q,r) if desired. They can be ordered by defining ρ 2 = p 2 + q 2 + r 2 and sorting the Q (p,q,r) in ascending order of ρ. Finally, the R n are constructed by Gram-Schmidt orthonormalization of the ordered Q (p,q,r) . It follows that the R n are a linear combination of separable functions. This leads to efficiencies in computation of CMB observables, which was the principal motivation for Refs. [37, 51] . Because the R n are orthonormal, one can obtain the expansion coefficients α n for any bispectrum B using the inner product (2.3),
Note that B 2 = n α 2 n , so one can interpret the ratio α 2 n /α 2 m as a measure of the relative importance of the m th and n th modes. We plot the first few R n in Table 5 and quote α n for the common templates in Table 6 . The n = 0 mode is a constant. The n = 1, 2 modes are a good match for the overall shape of both the equilateral and orthogonal templates. Strong features in the corners of the triangle, characteristic of the local shape, appear at higher n.
Orthogonal combinations. For our purposes, the usefulness of the R n stems from the fact that the first three partial waves provide a very good description of the equilateral, orthogonal and enfolded templates. These can all be obtained by shifting the equilateral shape by a constant [9, 52] . The R 0 shape is the constant shift. The "first was used by Meerburg [55] . 3 The functions we are denoting R n are only a subset of those constructed by Fergusson et al. [37, 51] and labelled R n . The R n form a basis on a fixed slice at constant k t = k 1 + k 2 + k 3 . They are suitable for expansion of an approximately scale-invariant primordial bispectrum. The Fergusson et al. R n are not scale-invariant and are orthonormal in a three-dimensional inner product which accounts for variation in k t . Our R n are constructed using precisely the same procedure as the R n , but because many of the R n are degenerate purely as a function of shape (but not scale) they are projected out of the R n . It is in this sense that the R n form a sparse subset of the R n .
harmonic," R 1 , peaks in the equilateral limit, whereas R 2 peaks in the flattened configuration, where α = β = 0. (This makes the two smallest k i equal to one-half of the largest k i .) These two peaks accurately describe the characteristics of the equilateral/orthogonal/enfolded class [52] . See also the discussion in Renaux-Petel et al. [17] .
We quote expansion coefficients for the common templates in table 6, obtained using Eq. (3.3) . For the reasons we have explained, the equilateral, orthogonal and enfolded templates are dominated by {R 0 , R 1 , R 2 }, with their coefficients diminishing for higher n. This explains why the shape S H of (2.9) has negligible overlap with the orthogonal template, even though this was not guaranteed by its construction. On the other hand, the local shape does not have a rapidly convergent expansion because its squeezed divergence requires a mixture of modes with n 1. The net result is that the R n -basis is reasonably well-adapted for an efficient description of the higher-derivative self-interactions of ζ, which typically do not generate such divergences.
One can regard the orthogonalization process described in §2.1 as suppressing the coefficients of {R 0 , R 1 , R 2 }. We give the expansion coefficients for the various "new" shapes in table 8. Consulting these coefficients shows that the R 0 shape is projected out entirely for the shape of Creminelli et al. and the S H -shape of (2.9). The situation for the P (X, φ) shape is more complicated, and requires a separate discussion. For the remainder of this section we exclude it from our analysis. For the other two shapes, the n = 1, 2 harmonics are not completely removed but their amplitudes are significantly reduced. As with the analogous case of Fourier harmonics, the largest individual term in each orthogonalized shape is a nearby higher modein this case, the n = 3 term. (This is the next highest, although recall that the precise ordering of the R n is somewhat arbitrary.) There is an admixture of the other harmonics with smaller amplitudes. Comparison with table 5 shows that the large n = 3 contribution is essentially responsible for the common appearance of teardrops or drumlins. In practice, the broad hotspots of the R 3 shape are slightly pinched by the presence of other harmonics at a lower level. In table 4, the right-hand columns give an approximation to each exact shape, formed from the first ten R n . We quote the corresponding cosines in table 7. The approximations are extremely good, resulting in cosines in excess of 0.99.
The significance of this analysis is not that the S H -shape can be roughly matched to an element of some complete, orthogonal basis of shapes. Such a basis always exists. Given a set of trial shapes, which could presumably be generated by considering arbitrarily exotic higher-derivative operators in the Lagrangian, this basis could be constructed precisely by the Gram-Schmidt procedure described in §2.1. It is more interesting that, at least for the low-dimension operators we are considering, the R n basis provides an approximate match to the outcome of this process. Were we to continue adding new high-dimensional operators to the Lagrangian, the R n shapes presumably give guidance about the shapes which could be expected to emerge from the Gram-Schmidt procedure.
Distinguishing models
These properties imply that, instead of obtaining orthogonal combinations from the terms in the Lagrangian as in §2.1, it may be possible to do just as well with the R n themselves.
Taken at face value, the common appearance of the shape in table 4 suggests that the shape of the bispectrum will not serve as a sensitive discriminant of microphysics. A significant local mode will favour dominantly local interactions, driven by gravitational evolution or the scalar potential, whereas a significant equilateral mode will favour strong, higher-derivative self-interactions. However, it seems difficult to be more precise. Instead of focusing on shapes, it may be more profitable to study relations between their amplitudes in order to distinguish among competing scenarios.
Partial-wave amplitudes. To proceed, we define a set of amplitudes β n for an arbitrary bispectrum B,
where P is the dimensionless power spectrum of the curvature perturbation. We will discuss the scale k * below. The β n are similar to the amplitudes f eq NL , f orth NL , etc., which are used to place constraints on the nongaussian fraction observed in real data. Any predictive Lagrangian will depend on only a finite number of unknown parameters. If enough β n can be estimated from data, then Eq. (3.4) allows these parameters to be expressed in terms of measurable quantities. The remaining relations in Eq. (3.4), when expressed in terms of these measurable quantities, constitute predictions of the theory. This is rather analogous to an on-shell renormalization scheme in scattering calculations by which one expresses "observables in terms of observables." In inflation one usually speaks of "consistency equations" [56, 57] .
In practice the precise β n depend on the definition of the inner product, and indeed will vary between experiments. To perform a satisfactory analysis, one should obtain survey-dependent predictions for the β n . The primordial bispectrum should be propagated to the surface of last scattering and projected on to the sky, and the β n should be computed in the resulting two-dimensional inner product. The set of basis shapes should be orthogonal when measured using the experiment in question, and may not be directly related to the R n . This will lead to numerically different β n for each survey.
In what follows, we work for illustrative purposes with the primordial, threedimensional bispectrum rather than the projected bispectrum. We make a number of simplifications. We use the inner product (2.3) in a scale-invariant approximation. 4 In evaluating B, R n one must choose a reference or 'pivot' scale at which to define B. We have denoted this scale k * . The bispectrum then contains scale-dependent logarithms of the form ln k/k * , making B, R n a function of k * . The power spectrum on the right-hand side of Eq. (3.4) is to be evaluated at k * . Because our implementation of the inner product does not retain scale information, we cannot apply this prescription precisely. We replace such logarithms by ln k/k t , where k t = k 1 + k 2 + k 3 is the total scalar 3-momentum. This is likely to make an impact on our numerical coefficients at next-order, which should therefore be considered approximate.
Example: DBI inflation. As an illustration, we consider DBI inflation governed by the action
where X = −g ab ∂ a φ∂ b φ. This is a simple action in the Horndeski class. Based on a microscopic interpretation of (3.5) as the action for a brane of constant tension falling in a warped throat, the function f (φ) is known as the warp factor. The potential is V (φ), and we define γ ≡ (1−fφ 2 ) −1/2 . This action is known to lead to strong nongaussianities if γ 1 [58, 59] . The inflationary fluctuations depend on the parameters [60]
where primed quantities are differentiated with respect to φ. These must typically be small. The bispectrum was determined to O( , η, ∆) in Ref. [36] .
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The Lagrangian depends on the parameters of Eq. (3.6) and γ. We will therefore require four observables to fix these parameters. A fifth observable enables the theory to be tested. The presently well-measured parameters are only the amplitude, P, and tilt, n s , of the scalar power spectrum. There are relatively weak constraints on a 5 To this accuracy one must typically retain gravitational interactions, which are often subdominant in models where the bispectrum has significant amplitude. Working in the uniform curvature slicing, a typical component of the metric is the perturbed lapse, δg 00 ∼ εζ. At quadratic order this will enter via an operator such as (∂φ)
2 . The leading quadratic operator without mixing is ∼ M 2ζ 2 , where M is the mass scale in (2.2). The leading mixing will be roughly ∼ M 2 εHζζ. An overdot represents a time derivative, but for this power-counting exercise it could be replaced by a generic derivative. We estimate the contribution of each operator to a correlation function evaluated at characteristic energy scale E by settingζ ∼ Eζ. This Minkowski estimate should be valid up to horizon exit, where we wish to estimate the relative importance of each operator to the density fluctuations which freeze in at that time. It follows that mixing with the metric can be neglected if E εH.
In Ref. [11] , subleading corrections were determined for the covariant Galileon action. However, this reference worked in the decoupling limit in which mixing with the metric was ignored. Typically this will not be consistent, so the quantitative magnitude of the next-order corrections in Ref. [11] should be treated only as a guide. In Ref. [36] , whose results we rely on above, the mixing with the metric was retained.
few modes of the bispectrum. In the future it may be possible to detect the tensor amplitude P g . Assuming it will eventually be possible to measure β 0 and β 1 together with the tensor-to-scalar ratio, r ≡ P g /P, then using the results of Ref. [36] and assuming at least moderate γ we find 2.88 β 1 β 0 − 1 = 1.93(n s − 1) + 0.03r −β 0 + 2.87 6.60
Note that the DBI model predicts β 0 < 0 if the bispectrum is large enough to be observable, as we will explain below. If r cannot be measured, or only with poor accuracy, then it will be necessary to use β 3 as a substitute. In this case, we find 2.88
In writing Eqs. (3.7)-(3.8) we must recall that observables (such as the β n ) may mix Lagrangian parameters at lowest-order, next-order or other higher orders. The β n begin at lowest-order, whereas n s − 1 and r begin at next-order. Therefore, in constructing (3.7)-(3.8) we have assumed 2.88
Whether Eq. (3.7) or (3.8) is more useful depends on the relative difficulty of measuring r and β 3 . These expressions constitute a model-independent test of the DBI framework: they hold for any DBI action, up to O( , η, ∆), no matter what potential or warp factor is chosen. By showing they are not satisfied, one could rule out the DBI action as the origin of the inflationary perturbations. Of course, there is not a one-to-one mapping from models to consistency relations such as (3.7)-(3.8), and determining that any such equation is satisfied does not provide decisive evidence in favour of a model. The utility of such equations lies with their power to rule models out. However, showing that the β n satisfy a hierarchy of consistency equations derived from some Lagrangian would be circumstantial evidence in favour of that model, especially if the agreement could be shown to persist to large n.
Eqs. (3.7)-(3.8) are analogues of the "next-order" consistency equations for the tensor tilt, n t (cf. Eqs. (5.6)-(5.7) of Lidsey et al. [61] ). If the β n cannot be determined with sufficient accuracy to test these equations, we can obtain a simpler set of "lowestorder" relations obtained by systematically neglecting next-order terms, which entails n s − 1 ≈ r ≈ 0. Together with (3.7)-(3.8), Eq. (3.9) then implies 2.88
Even more simply, Eq. (3.10) requires β 0 and β 1 to have the same sign, and β 2 to have the opposite sign. By consulting the individual expressions for the β n , it follows that β 0 and β 1 must be negative but β 2 should be positive whenever γ is moderately large. This test is applicable even if the β n cannot be determined accurately. In the present framework, it is a manifestation of the well-known result that the DBI model produces f eq NL < 0, whereas WMAP data favour f eq NL 0. For this reason, present-day observations are sufficient to disfavour DBI inflation. Note that Eq. (3.10), and similar expressions for β n with n > 2, express the expected decrease in amplitude of B, R n with increasing n. The decrease is not monotonic, because the spikes which appear in R n at larger n cause a small enhancement. However, the n = 0, 1, 2 harmonics are larger than the rest, which is required by the analysis of §2.1.
Example: k-inflation. For comparison, consider the power-law k-inflation model of Armendáriz-Picón et al. [62] . The action for this model satisfies
It admits an inflationary solution for X = (2 − γ)/(4 − 3γ) provided 0 < γ < 2/3.
(Note that γ in this model is just a parameter, not related to the γ of the DBI model.)
In the limit γ 1, and keeping only leading-order terms, this model predicts 2.61
Comparison with (3.10) shows that it would be necessary to measure β 0 /β 1 to about 10% in order to distinguish these models. A sufficiently accurate measurement of β 2 would make the test considerably easier to apply. This method is closely related to a trispectrum-based test for single-field inflation proposed by Smidt et al. [63] . The trispectrum contains contributions from two different 'local' shapes, with amplitudes parametrized by τ NL and g NL [64] [65] [66] . The τ NL contribution obeys the Suyama-Yamaguchi inequality τ NL (6f
2 , which is analogous to the ratios β n /β 0 introduced above. Their analysis suggested that Planck may be able to measure A to ±1.0 at 1σ, and a future CMB satellite may even be able to achieve ±0.3 with the same significance. An accurate measurement of A > 1 would be sufficient to rule out single-field scenarios.
Like the well-known standard inflationary consistency relation, whether relationships such as (3.7)-(3.10) and (3.12) are useful in practice will depend on the accuracy with which each component can be measured. This depends on the signal-to-noise associated with each shape. However, the method we have described can be implemented with any suitable basis; it is not restricted to the R n functions described above.
Conclusions
Whichever microphysics operated in the very early Universe, its remnants are encoded in the CMB radiation. The imminent arrival of Planck data will enable us to assemble a detailed picture of the microwave sky, accompanied by important information concerning the statistics of the temperature and polarization fields. Searching for non-gaussianities in these statistics is a promising strategy to determine the details of interactions during the inflationary era.
In this paper, we have revisited the bispectrum in very general models of singlefield inflation, which has recently been obtained by Gao & Steer [14] (see also RenauxPetel [16] ) and de Felice & Tsujikawa [15] . These computations demonstrated that, even in very general scenarios, the inflationary fluctuations would be generated by the same Lagrangian operators which are present in much simpler scenarios such as kinflation. The difference lies only in the pattern of correlations among their coefficients, which varies between scenarios. We have shown that, although a potentially distinctive shape can be generated by these generalized models, it requires a degree of fine-tuning (or a large overall bispectrum). In any case, this shape is similar to one which has been encountered elsewhere [13, 36] . We conclude that it will be very difficult to distinguish between single-field models purely by detecting shapes in the bispectrum, although useful qualitative guidance could perhaps be obtained.
The natural alternative is to study correlations among the amplitudes of shapes which are present. For this purpose one may use templates or decompose the bispectrum into an orthogonal basis. For illustration, we use a basis proposed by Fergusson et al. [37, 51] . A given Lagrangian will typically generate fluctuations which depend on a finite number of parameters. If enough modes of the bispectrum can be determined with sufficient accuracy, these parameters can be written in terms of observable quantities. Further observations then constitute tests of any particular model.
As an illustration, we have applied our method to DBI inflation with an arbitrary potential and warp factor, and compared with the k-inflation scenario. With sufficiently accurate observations it may be possible to distinguish these scenarios. However, similar tests can be devised for any single-field inflationary model.
A Shape functions-different parametrizations
In plotting the bispectrum shapes we have used two parametrizations, which we describe in what follows.
Babich et al. This consists in factorizing one of the wavenumbers, say k 3 , in the bispectrum amplitude, and rescale the independent remaining momenta accordingly, such that 0 k 1 /k 3 , k 2 /k 3 1. The shape function is given by
Fergusson & Shellard. In this parametrization the privileged momentum scale is given by the semi-perimeter of the triangular configuration, used to define new variables α and β, which satisfy
(1 − α + β), and k 3 = k t 2 (1 − β).
The range of domain of β is 0 β 1, whereas β − 1 α 1 − β. The shape function is given by the combination k b This is the shape studied by Creminelli et al. [13] . c This is the shape O constructed at next-order in P (X, φ) models [36] . For the purpose of comparison, an appropriate normalization of the P (X, φ) spectrum has been chosen. a This is the shape investigated by Creminelli et al. [13] . b This is the shape O constructed from contributions to the bispectrum at next-order in slow-roll [36] . Table 7 . Cosines between R n -approximations to the orthogonal shapes depicted in table 4 and the corresponding exact shape. Table 8 . Expansion of the S H -shape, the P (X, φ) shape O (at next-order) [36] and the Creminelli et al. shape [13] in terms of the R n basis.
